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INTRODUCTION 
The advantage of studying the stability properties of differential 
equations by means of two different measures and the generality and 
unification which result by such an approach is sufficiently well known 
c4, 51. 
Quite recently, the concept of M,-stability is developed to describe a 
general type of invariant set and its stability behavior [6]. This notion is a 
natural generalization of the usual concepts of eventual stability and the 
stability of asymptotically self-invariant sets [2]. 
The objective of this paper is to introduce a very general type of stability 
called “(ho, h, M,)-stability” by combining the above two notions of 
stability and study these new stability properties relative to system of 
integro-differential equations of Volterra type, This new notion of stability 
allows us to consider the initial values on surfaces that crucially depend on 
the initial time and also to introduce different topologies in the definition of 
stability. Our approach here is to reduce the study of an integro-differential 
system into an ordinary differential equation and thus basically depends on 
choosing appropriate minimal subsets of a suitable space of continuous 
functions [l, 31, along which the time derivative of the Liapunov function 
is estimated. 
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1. PRELIMINARIES 
Consider the initial value problem 
x’(t) =f(h x(t)) + {’ g(4 s, x(s)) 4 x(to) = $(fo, x*1, (1.1) 
10 
where f, I,$ E C[ R + x R”, R”] and g E C[R + x R, x R”, R”]. Let x(t) = 
x(t, t,, +(to, x*) be any solution of (1.1) existing for all t 2 to 20. 
Let M=M(R+, R”) be the space of all measurable mappings from R, 
to R” such that x E M if and only if x(t) is locally integrable and 
s If1 sup Ilx(s)ll ds < CfJ. f>O t 
Let MO = M,( R + , R”) be a subspace of M consisting of all x(t) such that 
The set S(M,, E) is the subset of A4 defined by 
c lfl , 
Let h, ho E: C[ R + x R”, R + ] and inf(h,( t, x): (t, x) E R + x R”} = 0. We shall 
assume that the measure ho is uniformly finer than the measure h, that is, 
there exists a constant I > 0 and a function 4 E K (see Definition 2.4) such 
that h,(t, x) < A implies h(t, x) < q4(ho(t, x)). For the sake of convenience, 
let us state the following definitions. 
DEFINITION 1.1. Let A E R”. A is (ho, h, MO)-invariant relative to system 
(1.1) if x* E A and h,(s, 1,9(s, x*)) E MO, then h( ., x( ., s, $(s, x*)) E MO. 
DEFINITION 1.2. Relative to system (1 .l ), the set A is said to be 
(d,) (ho, h, MO)-stable if for each e > 0 there exist z~(E), T,(E) + co as 
c--*0 and 6,(t,, F), &(tO, E) such that 
i 
lo+ I 
h(t, x(t, s, I& x*)) ds < E for all t 2 to + 1 
10 
whenever x* E S(A, 6,) and j ;;+ ’ h,(s, I++, x*)) ds < &, to 2 Z,(E). 
(d2) (ho, h, MO)-uniformly stable if (d,) holds with 6, and 6, being 
independent of to. 
462 LEELA AND RAO 
(d3) (h,, h, M,)-equiasymptotically stable if (d,) holds and for any 
r,r>O there exist positive numbers 8,(&J, &(t,), rO, and T= T(t,, q) such 
that 
whenever x* E S(A, 8,) and h,(s, $(s, x*)) E S(M,, 8,). 
(d4) (h,, h, M,)-uniformly asymptotically stable if (d,) and (d3) hold 
with numbers 8,, 8, and T in (d,) being independent oft,. 
Remark 1.3. We know that (h,, h)-stability [4, 5) properties include 
several type of stabilities in the usual sense. Also, the M,-stability [6] is 
much more general than eventual stability and the stability of 
asymptotically self-invariant sets. Consequently, it is not difficult to observe 
that our (h,, h, M,)-stability notion covers a very broad class of stability 
concepts. We give below a couple of special cases to demonstrate the 
generality of the new concept (h,, h, M,)-stability: 
(i) If h,(t, x) = h(t, x) = IIxli, then (d,) implies MO-stability of the set 
A relative to (1.1). 
(ii) If h,(t,x)= llxll and h(t,x)= IIxljk= x:+x:+ .. +x,$ k<n, 
then (d,) implies MO-partial stability of the set A relative to (1.1). 
DEFINITION 1.4. A function a is said to belong to 
(i) the class K if u E C[R + , R, 1, a(O) = 0 and u(r) is strictly increas- 
ing in r; 
(ii) the class KC if a E K and a is convex. 
DEFINITION 1.5. h, has the property P if given E>O there exists a 
B(E) > 0 such that x* E A and $(s, x*) E S(M,, 6), then b(h,,(s, $(s, x*)) E 
S(M,, E) where b E K. 
DEFINITION 1.6. For any h E C[R + x R”, R, 1, let 
Q(h,p)= ((t,x)~R+ xR”: h(r,x)<p}. 
The scalar function VE C[R+ x R”, R + ] is said to be 
(i) h-positive definite if there exists a function UE K such that 
a(h(t, xl) < V(f, xl, (c -Y) E Q(h, PI. 
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(ii) h,-decrescent if there exists a p0 > 0 and function b E K such that 
h,( t, x) < p0 implies 
UC xl G Wo(c x)), (4 xl E cm,, PO). 
Note that p,, E (0, A) is such that b(po) < p. 
Let us now list the following assumptions before we proceed further. 
(H,) VE C[R + x R”, R + 1, V is locally Lipchitzian in x, and 
6) 4h(t, x)) Q Vt, x), (t, x) E Q(h, P), 
(ii) Ut, x) G Wo(t, xl), (t, x) E Q(ho, po), 
where a, b E K. 
W,) g,,g~CCR+xR+,Rl; A&CCR+xR+,R+l, gdr,u)< 
g(t, u), r(t, t,, d(to, u*)) is the right maximal solution of 
u’ = g(t, u), 4to) = $(fo. u*), 
on [to, co) and q(t, to, &to, v*)) is the left maximal solution of 
(1.2) 
0’ = got& u), 
. 
existing on to < t < to. 
u( to) = &to, u*) (1.3) 
(Hz) D- V(t,x) = lim,,, inf (llh)CUc x + h(f(t, xl + J:, g(t, s, 
x(s)) ds) - V(t, x)] Q g(t, V(t, x)) on 52, where 
Q={xEC[R+,R”]: V(s,x(s))<,(s,t, V(t,x(t)),t,$s<r}. 
We need the following known results ([ 1, 6, 71) in our subsequent 
discussions. 
THEOREM 1.1. Suppose (H,) holds with r(t”, to, #(to, u*))= &to, u*), 
then 
44 to, #(to, u*)) G vl(c to, c&to, u*)) for to < t < to. 
THEOREM 1.2. Let (Ho), (H,), and (H,) hold. Let x(t, to, Il/(t,, x*)) be 
any solution of(l.1) such that V(t,, $(to, x*))<&to, u*). Then 
v4 “44 to, $(to, x*1) < r(t, to, &to, u*)) forall t2to. 
THEOREM 1.3. Zf a is a conuex function and f is integrable on R + , then 
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Finally, we now define the concepts analogous to (d,) lo (d4) for the 
comparison equation (1.2). The set u = 0, relative to (1.2) is MO-invariant if 
whenever d(s, 0) EM,, then u( ., s, &s, 0)) EM,. The set u = 0 is said to be 
with respect to Eq. (1.2), 
(d:) MO-stable if for each E>O there exist TV and d,(t,, E), 
&(tO, E) such that 
whenever u*<6, and sj,“+‘$(s, u*)ds<6,, fo3Tl(&). 
The remaining notions (d?)-(dz) corresponding to (d,)-(d,) can be 
readily formulated. 
2. MAIN RESULTS 
In this section we shall give sufficient conditions for (h,, h, M,)-stability 
of integro-differential system (1 .l ) in terms of Liapunov functions. 
THEOREM 2.1. Assume that 
ti) (Ho), (Hi), and WJ hold; 
(ii) a E KC, b E K, and ho has the property P; 
(iii) h, is un$ormly finer than h. 
Then, M&ability properties of the set u = 0 relative to (1.2) imply the 
corresponding (h,, h, M,)-stability properties of the set A relative to the 
system ( 1.1). 
Proof. We shall only give the proof for (h,, h, M,)-uniform stability 
property of the set A relative to the system (1.1) which will indicate the 
interplay between several concepts employed. The proof of other stability 
properties can be constructed on similar lines. 
Let 0 < E < p and to E R + be given. Suppose the set u = 0 is M,-uniformly 
stable with respect to (1.2). Then, given a(E) > 0, there exist SI(e), 8*(c), 
and TV such that 
(2.1) 
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In view of assumptions (ii) and (iii), and the definition of the set A, we 
can find JI(s), s2(e), and z~(E), 
and x* E S(A, d,), j:;+ 1 h,(s, $(s, x*)) c 6,. 
Let s:(~)=min(6,, b,), 13:(e) =min(6,, &), and T*(E)= max(r,, z2). 
Choose x* such that x* E S(A, 61s) and 12’ 1 h(hJs, $(s, x*)) ds < S,* for 
f,> Z*(E). Then we claim that 
s 
:Q+ 1 
h(t, xft, s, \t(s, x*)) ds < E. 
kl 
Lf this is not true, then there is a first lI > lo + 1, to>r*(e) such that 
and 
s 
10+ 1 h(t, x(t, x, cl/(.$ x*)) ds < & for to + 1 < t <: t, 
% 
and t, 2 Z*(E). 
Let r(t, s, q5(s, u*)) be the maximal solution of (1.2). Set U* = a’(~, x*>. 
Then V(s, +(s, x*)) < b(ho(s, $(s, x*)) s d(s, d(A, x*)) = #(s, u*) and hence 
by Theorem 1.2, it follows that 
W, 44 s, $(s, x*)) B r(t, s, i(.h u*)), t,<rtrt,. (2.2) 
Since U* -=I 6, and Jii+ l #(s, u*) ds < a(~), the assumption (ii), (2.1), (2.2), 
and Theorem 1.3 lead to 
a contradiction. Hence the set A relative to (1.1) is (ho, h, MO)-uniformly 
stable. This completes the proof. 
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